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We investigate the effects of intrinsic alignments (IA) of dark-matter halo shapes on cosmic density
and velocity fields from cluster to cosmic scales beyond 100 h−1 Mpc. Besides the density correlation
function binned by the halo orientation angle which was used in the literature, we introduce, for
the first time, the corresponding two velocity statistics, the angle-binned pairwise infall momentum
and momentum correlation function. Using large-volume, high-resolution N -body simulations, we
measure the alignment statistics of density and velocity, both in real and redshift space. We find
that the alignment signal is not amplified by redshift-space distortions at linear scales. Behaviors
of IA in the velocity statistics are similar to those in the density statistics, except that the halo
orientations are aligned with the velocity field up to a scale larger than those with the density field,
x > 100 h−1 Mpc. On halo scales, x ∼ R200m ∼ 1 h−1 Mpc, we detect a sharp steepening in the
momentum correlation associated with the physical halo boundary, or the splashback feature, which
is found more prominent than in the density correlation. Our results indicate that observations
of IA with the velocity field can provide additional information on cosmological models from large
scales and on physical sizes of halos from small scales.
Introduction.— Intrinsic alignments (IA) of galaxy im-
ages in principle contain useful information to probe
galaxy formation processes. Detailed studies of IA are
also important on large scales since it can act as con-
tamination when the shape information is used in weak
lensing surveys for precision cosmology. The effects of
this contamination have been actively studied both the-
oretically [1, 2] and observationally [3–6] (See, e.g., [7, 8]
for reviews). More interestingly, this IA effect is known
to depend strongly on the mass of host dark-matter halos
[9]. Thanks to robust and efficient cluster-finding algo-
rithms recently developed based on the observed galaxy
distribution [10, 11], strong alignment signals have been
detected up to scales larger than 100 h−1 Mpc [12, 13].
Galaxy clusters are thus ideal objects to address a fun-
damental question of up to what scales luminous objects
are aligned with the matter distribution in the large-scale
structure of the universe. Moreover, clusters enable us to
investigate intra-halo structure by cross-correlating with
galaxies in and around the clusters. Here, of particular
interest is the identification and characterization of phys-
ical boundaries of halos by studying splashback features
associated with the outermost caustic in accreting ha-
los [14–16]. The goal of this study is to simultaneously
investigate the splashback features and IA of clusters.
In past work, alignments of the major axes of galaxies
relative to the overdensity field have been studied when
IA were investigated. However, it is fundamentally im-
portant to consider the IA relative to the cosmic velocity
field with various reasons. Now the velocity field at cos-
mic scales can be measured through several ways, such as
peculiar velocity [17] and kinematic Sunyaev-Zel’dovich
(kSZ) [18] surveys. Since the velocity field in Fourier
space follows vk ∝ (ik/k2)δk in linear theory, one expects
that the velocity correlation signal is amplified compared
to the density counterpart on large scales. This trend has
been seen in the measured pairwise velocity power spec-
trum in kSZ surveys [19, 20]. In this paper we introduce
new statistics, namely the alignment velocity statistics.
We formulate the two alignment velocity statistics, and
using the high-resolution N -body simulations, we test
the statistics over a broad range of scales, from a 1-halo
regime to the scale beyond 100 h−1 Mpc.
Alignment correlation function.— The statistic com-
monly used to quantify IA in weak-lensing surveys is the
correlation between the gravitational shear and intrinsic
ellipticity (GI) [2], sampled by two fields A and B, respec-
tively [50], ξA+(x) =
〈
δA(r1)γ
I(r2)
〉
, where x = r2 − r1,
γI(r) = q cos(2θ), θ is the angle between the elongated
orientation of the matter field, traced by the major axes
of halo or galaxy shapes, and x projected onto the sky,
and q is a weight factor of the major-to-minor-axis ratio.
In this work, we consider an alternative quantity,
namely the angle-binned or alignment correlation func-
tion [21, 22] [51]. It is defined as an extension of the con-
ventional two-point correlation function of the fields A
and B, by taking account of the orientation of the field B,
ξAB(x, θ) = 〈δA(r1)δB(r2, θ)〉. The conventional correla-
tion function, ξAB(x) = 〈δA(r1)δB(r2)〉, can be obtained
by integrating over θ, ξAB(x) = (2/pi)
∫ pi/2
0
dθξAB(x, θ).
Since the distances to objects are measured through red-
shift in galaxy surveys, the correlation function is af-
fected by their velocities and becomes anisotropic, known
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2as redshift-space distortions (RSD) [23]. Although RSD
produce multipole moments, such as the quadrupole
and hexadecapole, in this paper we consider only the
monopole, ξAB,0(x, θ) =
∫ 1
0
dµξAB(x, θ), where µ is the
direction cosign between the vector x and the line of
sight, µ = xˆ · rˆ, where the hat denotes a unit vec-
tor. Throughout this paper we assume the distant ob-
server approximation, so that rˆ1 = rˆ2 ≡ rˆ. Hereafter
we omit the subscript 0 which represents the monopole
(` = 0). The GI function corresponds to the dipole mo-
ment of the alignment correlation function, ξ˜A+(x) =
(2/pi)
∫ pi/2
0
dθ cos(2θ)ξAB(x, θ), where ξ˜A+ is the same as
ξA+ but with q fixed to q = 1 [22, 24].
Alignment velocity statistics.— In analogy to the den-
sity statistic, in this paper we consider two alignment
statistics of halos/galaxies relative to the cosmic veloc-
ity field. One is the pairwise mean momentum [25, 26]:
pAB(x) = 〈[1 + δA(r1)] [1 + δB(r2)] [vzA(r1)− vzB(r2)]〉,
where vzA(r) is the radial component of the peculiar ve-
locity of sample A, vzA(r) = vA(r) · rˆ. Another statistics
is the momentum correlation function [27]: ψAB(x) =
〈[1 + δA(r1)] [1 + δB(r2)] vzA(r1)vzB(r2)〉. Note that in ob-
servations such as peculiar velocity and kSZ surveys, the
velocity field is also sampled in redshift space, thus af-
fected by RSD, as formulated by [26, 28].
We define the angle-binned pairwise infall momen-
tum, pAB(x, θ), and momentum correlation function,
ψAB(x, θ), by replacing δB(r2) in the above equations
by δB(r2, θ) [52]. Similarly to the density correlation
function, the conventional expressions for these veloc-
ity statistics, pAB(x) and ψAB(x), can be obtained by
averaging over θ. These are the main statistics we will
study in this paper . We will focus only on the lowest-
order moments of these statistics, namely the dipole of
the pairwise momentum and the monopole of the momen-
tum correlation function, pAB(x, θ) = 3
∫ 1
0
dµµpAB(x, θ)
and ψAB(x, θ) =
∫ 1
0
dµψAB(x, θ), respectively. The ef-
fects of IA on the higher-order moments will be studied
in our future work.
N -body simulations.— In order to study the alignment
statistics, we use a series of large and high-resolution N -
body simulations of the ΛCDM cosmology seeded with
Gaussian initial conditions. These are performed as
a part of the dark emulator project [29]. We adopt
the cosmological parameters of Ωm = 1 − ΩΛ = 0.315,
Ωb = 0.0492, h = 0.673, ns = 0.965, and σ8 = 0.8309.
We employ np = 2048
3 particles of mass mp = 8.15875×
1010M/h in a cubic box of side Lbox = 2hGpc−1. We
use 4 realizations in total, and analyze the snapshots at
z = 0306, which will be quoted as z = 0.3 in the follow-
ing.
Halos and subhalos are identified using phase-space
information of matter particles, the Rockstar algorithm
[30]. The velocity of the (sub)halo is determined by the
average particle velocity within the innermost 10% of
TABLE I: Properties of mock halo/subhalo samples at z =
0.3. fsat is the number fraction of satellites, Mmin and M are
the minimum and average halo mass in units of 1012h−1M,
respectively, and n is the number density in units of h3Mpc−3.
halo types fsat Mmin n b M
Clusters (halos) 0 100 2.05× 10−5 3.05 188
Galaxies (subhalos) 0.137 1.63 5.27× 10−4 1.69 25.2
the (sub)halo radius. We use the standard definition
for the halo radius and mass of Mh ≡ M∆m = M(<
R∆m) = (4pi/3)∆mρm(z)R
3
∆m, with ρm the mean mass
density of the universe at given redshift z, and we adopt
∆m = 200. To study cluster-scale halos, we select halos
with Mh ≥ 1014h−1M, which roughly corresponds to
the typical threshold of the richness parameters used by
the cluster-finding algorithms in the literature. We will
mainly present the analysis of IA of the cluster shapes
relative to the density field traced by galaxies. To this
end, we create mock galaxy catalogs using a halo oc-
cupation distribution (HOD) model [31] applied for the
LOWZ galaxy sample of the SDSS-III Baryon Oscilla-
tion Spectroscopic Survey obtained by [32]. We populate
halos with galaxies according to the best-fitting HOD
N(Mh). For halos that contain satellite galaxies, we ran-
domly draw N(Mh) − 1 member subhalos to mimic the
positions and velocities of the satellites (see [33, 34] for
alternative methods). We assume halos to have triax-
ial shapes and estimate the orientations of their major
axes using the second moments of the mass distribution
projected onto the celestial plane. Table I summarizes
properties of our mock samples.
Estimators.— In observational studies of IA in weak-
lensing surveys, one usually considers a correlation func-
tion projected along the line of sight. Thus, the contribu-
tions of RSD are largely cancelled out, while the IA signal
is also smeared out to some extent by projection effects.
Since we are interested in the IA signal itself, we present
the alignment density and velocity correlation statistics
in both real space and redshift space.
The alignment correlation function of the density
(A) and shape (B) samples can be measured by
ξAB(x, θ) = 〈DADB〉 / 〈RARB〉−1, where 〈DADB〉 (x, θ)
and 〈RARB〉 (x, θ) are respectively the normalized pair
counts of the data and their randoms as functions of
separation x and angle θ. The momentum correlation
function can be measured by an estimator: ψAB(x, θ) =
〈V zAV zB〉 / 〈RARB〉, where 〈V zAV zB〉 (x, θ) is the normal-
ized pair count of Samples A and B weighted by the
products of the radial components of their velocities
as functions of x and θ. We adopt an estimator for
the pairwise momentum dipole [26, 35], pAB(x, θ) =
〈(V zADB −DAV zB)rˆ · xˆ〉 /
〈
RARB(rˆ · xˆ)2
〉
. In this analy-
sis, the shape information is taken from clusters, so that
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FIG. 1: Ratio of GI correlation functions in redshift and
real space for galaxy-cluster (left) and cluster-cluster (right),
shown as the red points. The corresponding ratios of the den-
sity correlations are shown as the black points. The black and
red lines are the linear Kaiser predictions.
sample B is always a cluster, B = {c}, while otherwise
stated, the density field A is traced by galaxies, A = {g}.
In the following analysis, we measure these statistics from
each of the four realizations and present their means and
standard errors from the scatters.
Numerical analysis.— We start by presenting the GI
correlation functions in real and redshift space because
the results can be compared to simple analytical pre-
dictions [6]. The left panel of Fig. 1 shows the ra-
tio of the GI correlation functions in redshift and real
space measured using the estimator of [3]. The right
panel shows the result where both the shape and den-
sity fields are from the clusters. For comparison, we
show the corresponding ratios of the density correla-
tion functions in redshift and real space. The horizon-
tal black line is the linear prediction of Kaiser formula
[23], ξSAB/ξ
R
AB = 1 + (βA + βB)/3 + βAβB/5, where
AB = {gc, cc}, βA = f/bA, f = ln δ/ ln a with a the scale
factor, and the superscripts S and R denote the statis-
tics defined in redshift and real space, respectively. The
linear bias parameter of Sample A is determined from
bA(x) = (ξ
R
AA/ξ
R
m)
1/2 on 20 < x < 80 [ h−1 Mpc] where
ξRm is the matter correlation function and here we sim-
ply compute it using linear theory based on the CAMB
code [36]. The values of the bias are shown in Table I.
The Kaiser prediction gives a reasonable ratio around 1.2
for the density correlation on sufficiently large scales up
to x ∼ 125 h−1 Mpc, where the correlation crosses zero.
The enhancement of the 3D alignment statistics by RSD
is, by contrast, only a few percent for the galaxy-cluster
GI, and further suppressed for cluster-cluster GI by the
factor f/b, as shown as the red lines. The smaller ra-
tio for the alignment statistics is because of the more
complicated oscillatory kernel in the integral. In the fol-
lowing analysis we will show the alignment correlations
of density and velocity measured both in real and red-
shift space, although the alignment signals are expected
to be similar according to this result.
In the top-left panel of Fig. 2, we show the cluster-
galaxy density cross-correlation function binned in θ.
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FIG. 2: (Left) Angle-binned density correlation function of
galaxy density and cluster orientation in real (black) and red-
shift (red) space. In the top panel the dashed and dotted
lines respectively show the correlations parallel and perpen-
dicular to the major axes of the clusters ξgc(x, θ) while the
points with error bars the conventional correlation functions,
and the bottom panel is their difference, x2[ξgc(x, θ)−ξgc(x)].
The inset provides the zoomed view on large scales. (Cen-
ter) Angle-binned momentum correlation functions, ψgc(x, θ),
which have a unit of [ h−1 Mpc]2. In the bottom panel the
amplitude is multiplied by 0.1. (Right) Angle-binned pair-
wise mean infall momentum. Since the statistics has negative
values at linear scales, we show −pgc at the top panel, and
the points and lines colored darker-red are its negative values
in redshift space, −(−pSgc) = pSgc.
Though not presented here, the trend is basically the
same for the cluster auto correlation. As expected from
Fig. 1, the alignment signals are almost the same on large
scales in real and redshift space unlike the density correla-
tion. This signal has been measured both in simulations
and observations [5, 37].
On the scale of x ∼ 1 h−1 Mpc, an abrupt change
in the slope of the real-space correlation can be seen,
whereas it is washed out in redshift space by the ∼
10 h−1 Mpc line-of-sight displacement of galaxies due to
RSD. There have been intensive efforts to understand and
characterize the physical boundary of halos in terms of
the steepest point of the density gradient. This steepest-
slope location is a signature of the splashback radius Rsp
[14, 38] (See [39] for an alternative approach to define the
boundary using the satellite distribution). The left panel
of Fig. 3 presents the logarithmic slope of the real-space
alignment correlation, γ = d log ξRgc/d log x. The steep-
est slope of our conventional correlation function reaches
γ ' −4.5, significantly steeper than the asymptotic outer
slope (−3) of the standard Navarro–Frenk–White profile
[40]. This is consistent with the characteristic splash-
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FIG. 3: (Left) Logarithmic slope of the angle-binned den-
sity correlation of galaxy density and cluster orientation in
real space. The solid and dotted lines, respectively, are the
correlation parallel and perpendicular to the major axes of
the clusters, while the the blue points with error bars are
for the conventional correlation function. The location of
R200m, which coincides well with Rsp, is denoted by the ar-
row. (Right) Same as the left panel but for the momentum
correlation function.
back properties in ΛCDM found by [14]. The location of
R200m in our sample, which coincides well with the re-
spective steepest gradient point, is denoted by the arrow
in the figure. The mean Rsp–R200m relation of [41] pre-
dicts Rsp = 1.001R200m ' 1.37 h−1 Mpc for our cluster
sample with M200m = 1.88× 1014h−1M, so that it pre-
cisely matches the splashback scales found here. Intrigu-
ingly, the slopes are shallower and steeper, respectively,
for the alignment correlation parallel and perpendicular
to the major axes of the clusters. This can be qualita-
tively interpreted by the fact that the halo size varies
more significantly along the direction of the major axis
(i.e., smaller θ), leading to a less prominent boundary.
It is also interesting to note that the IA signal is further
enhanced within the splashback shell, as seen in the left
bottom panel of Fig. 2, consistent with the halo model
of IA [42].
The next quantity to consider is the angle-binned mo-
mentum correlation function. Its numerical results are
shown in the upper-middle panel of Fig. 2. On large
scales where linear theory holds, the correlation in red-
shift space is equivalent to that in real space [26]. As
seen in the lower-middle panel, the IA signal in the mo-
mentum correlation vanishes at x ∼ 100 h−1 Mpc, on a
scale smaller than that of the density correlation. We see
a steepening feature of the real-space momentum corre-
lation at Rsp ' R200m, very similar to that of the density
correlation. To see the feature in more detail, we show
the logarithmic derivative, γp = d logψ
R
gc/d log x, in the
right panel of Fig. 3. It is interesting to note that the
slope approaches γp → −5.5, steeper than the boundary
slope determined by the density correlation. As discussed
by [43] in the context of ΛCDM structure formation, the
orbital velocity anisotropy is tightly coupled with the log-
arithmic density slope around halos and thus expected to
be sensitive to the location of the halo edge [14], which
physically and sharply separates the multi-stream intra-
halo region from the outer infall region (see also [44]).
Besides, the splashback feature and the enhancement of
IA at this scale are found more prominent for the momen-
tum correlation than for the density correlation. How-
ever, since the momentum correlation is noisier than the
density correlation, we cannot see a clear dependence of
the splashback feature on IA in our simulations.
Finally, we turn to another velocity statistic, the pair-
wise mean infall momentum. The upper-right panel of
Fig. 2 shows the angle-binned pairwise mean momentum.
As expected, we do not see a splashback feature from this
statistic. On small scales, the sign of the redshift-space
pairwise momentum changes from negative to positive
due to the non-linear velocity dispersion [26, 28]. On
the other hand, objects approach each other on average,
so that the correlation becomes negative on large scales.
Note that in the lower-right panel the alignment signal
in pgc persists beyond x ∼ 200 h−1 Mpc.
Outlook.— The presented analysis of IA with the veloc-
ity field has several important applications. Recently, an
idea of testing inflation models using IA on large scales
has been proposed by [45]. The angle-binned pairwise
momentum, pAB(x, θ), or its ratio to the density corre-
lation, may serve as a powerful tool to probe inflation.
Future kSZ surveys enable us to measure the large-scale
velocity field and constrain cosmological models using
the higher-order velocity moments [46]. Detailed studies
of the velocity IA effect based on (non)linear alignment
and halo models [2, 42, 47], as well as large-volume N -
body simulations, will be presented in our future work.
A possible contaminant of utilizing the kSZ is the ef-
fect of the optical depth. However, a promising method
of measuring it has recently been proposed based on a
semi-analytic technique calibrated with X-ray observa-
tions [48]. Note that to compare simulation results of
IA to observations, shapes of brightest cluster galaxies
(BCG) are often used as a proxy for the cluster shapes.
In this case, misalignment between the major axes of
BCG and their host halos needs to be taken into account
[4]. Although the misalignment for such massive halos is
known to be small [49], it needs to be studied carefully.
The splashback radius Rsp has been detected for the
first time in the momentum correlation function from
simulations. The feature is even sharper than that in
the density correlation, because Rsp separates distinct in-
fall and multi-stream regions of collisionless CDM. High-
resolution kSZ observations can be used to test this new
prediction on the nature of DM in comparison to the
splashback feature observed in the density correlation
[15], as well as the dependence of cluster orientations on
Rsp.
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